We consider a dislocation-based rate-independent model of single crystal gradient plasticity with isotropic or linear kinematic hardening. The model is weakly formulated through the so-called primal form of the flow rule as a variational inequality for which a result of existence and uniqueness is obtained using the functional analytical framework developed by Han-Reddy.
Introduction
The goal of improving classical theories of plasticity which are incapable of modelling properly material behaviour at small scales (meso/micron) as shown from experiments ( [29, 27, 85] ), has led to the development of new theories which involve material length scales. Since the pioneering work of Aifantis [1] , where the yield-stress is set to depend also on some derivative of a scalar measure of the accumulated plastic distortion, there is now an abundant literature on models of gradient plasticity in the infinitesimal as well as in the finite deformation settings for both polycrystaline and single crystal cases (see [1, 2, 58, 28, 5, 38, 39, 37, 40, 41, 42, 30, 31, 80] ). On the other hand, effort has also been made in the past years to provide mathematical results for the initial boundary values problems and inequalities describing some models of (polycrystalline) gradient plasticity (see for instance, [20, 82, 23, 63, 24, 36, 71, 72, 26, 22] ). Several contributions on the computational aspects have been made as well ([21, 70, 12, 83] ). However, mathematical results for models of single crystal gradient plasticity are rather scarce so far. This paper deals with an infinitesimal strain single crystal plasticity formulation which accounts in a clear way for an energetic length scale effect. This is achieved by adding a quadratic measure of the dislocation density into the energy of cold work.
It is well accepted that moving dislocations are the carriers of plastic deformation. These moving dislocations leave the atomic lattice intact. In the idealized framework of a pure single crystal, the possible planes of these plastic deformations are assumed to be known in advance. The kinematics of plastic flow is thus constrained to these so-called slip-planes. The nonsymmetric plastic distortion p can therefore completely be described by the relation
where l α and ν α are the α-th slip direction and the normal vector to the α-th slip plane respectively, and γ α describes the α-th individual slip, for α = 1, . . . , n slip . The evolution law for the plastic distortion p is then usually transfered to a system of evolution equations for the individual slipsγ = f (Σ E (γ)) = f (σ, γ) , (1.2) where Σ E (γ) is the Eshelby-type stress tensor driving the evolution, σ is the Cauchy stress tensor and f : R 3×3 → R n slip , f : R 3×3 × R n slip → R n slip are given functions driving the evolution. Here, we consider that not only the slips γ α are intervening in the evolution forγ α , but also gradients of slip ∇γ α . The rational for doing so is to incorporate a defect measure, i.e., a measure for the absence of compatibility of the plastic distortion. This incompatibility is governed by the dislocation density tensor Curl p which, using equation (1.1) can be written (see [46, Equ. (3.83) ]) as
3)
The idea in this paper is to specify a quadratic expression in Curl p such as to augment the energy of cold work and to subsequently derive nonlocal evolution equations of the typeγ = f (σ, γ, Curl Curl p) = f (σ, γ, ∇γ, ∇ 2 γ) (1.5) according to the guiding rule of maximal dissipation. In addition, we will consider local isotropic hardening as well as local kinematic hardening 1 . Moreover, in a special case we will try to bridge the gap to isotropic plasticity formulations by presenting the linear kinematic hardening through adding to the energy of cold work a term
reminiscent of Prager-type hardening. It turns out that while the combination of (1.4) with (1.6) in an isotropic strain gradient context leads to a well-posed problem [26] , in the single crystal setting (1.6) is, in general, not providing enough hardening for a mathematical treatment, even in the simplified case where the slip planes are mutually orthogonal. Only if we assume that the slip system are mutually orthogonal we can provide existence and uniqueness results in the linear kinematic setting as shown in Remark 5.2. The issue with (1.6) is that it does allow for free (infinitesimal) plastic rotations. Using instead of (1.6) the term
which is not invarient w.r.t. infinitesimal plastic rotations, would not cause any mathematical problem if the slip planes are assumed mutually orthogonal. In this sense, although single crystal plasticity needs the bureaucracy to treat simultaneously all slip systems R n slip , the model is mathematically simpler than isotropic strain gradient plasticity models with plastic spin. These polycrystalline models need to be considered under additional invariance conditions which provide in effect less control for the plastic distortion. The long term goal remains to better understand the bridging between the computation of a single crystal and a polycrystalline sample.
In this paper we do not consider ad hoc assumptions on the defect energy which would control the full slip gradient ∇γ, as this is not warranted by the theory. In our convex analytical setting we are, for the moment, bound to consider quadratic energies. We are aware of the fact that energies with linear growth like µ L c Curl p 1 represent important improvements of the modelling (see [76] ). This question will be postponed for further studies. In the next sections, we try to provide a descent, self-explaining introduction to the modelling aspects. Our focus is on transparency and clarity.
In [38] a gradient theory of single-crystal plasticity that accounts for the Burgers tensor and which is characterized for each slip system by a system of microforces which consists of a vector stress and a scalar force which are power conjugate to the corresponding slip in that system and its gradient respectively, is considered. The balance equations and boundary conditions in the model are derived through the virtual-power principle and the so-called hard-slip conditions are proposed. As shown in [44] , a discussion on suitable boundary conditions for the model proposed in [38] depends on whether the Burger tensor, which is a fundamental ingredient in that theory, could be introduced directly in the virtual-power framework. Another type of boundary condition called microhard condition was then proposed in [44] .
The model in [38, 44] with an isotropic hardening energy added to the free-nergy, was weakly formulated as a variational inequality in [81] using the convex analytical framework developed for classical plasticity (polycrystalline and single crystal) in [46] . Some well-posedness results were obtained as well in [81] depending on the choice of the defect energy density. Some computational results for this model are also obtained in [83] .
The model in this paper presents some similarities and also some differences with the model in [38, 44, 81] . In those papers, the energy of cold work is also augmented by a quadratic expression with connections to the dislocation tensor Curl p, which is rather expressed in each slip system in terms of two other tensors representing the distributions of edge and screw dislocations on the given slip system. The defect energy is then given as uncoupled and quadratic in those two new tensors. The evolution in [81, Equ. (2.28) ] is governed in each slip system by bothγ α and its gradient ∇γ α , which then requires a further necessary condition on the micro-stresses and microforces driving the evolution in that slip system. In our model, the evolution is only governed in each slip system byγ α and we do not need to involve the distributions of edge and screw dislocations on each slip system for the mathematical well-posedness. This paper is mainly divided into two parts. We first derive in section 4 both strong and weak formulations of the model with isotropic hadening then we study its well-posedness. Section 5 is devoted to the model with linear kinematic hardening.
Some notational agreements and definitions
Let Ω be a bounded domain in R 3 with Lipschitz continuous boundary ∂Ω, which is occupied by the elastoplastic body in its undeformed configuration. Let Γ D be a smooth subset of ∂Ω with non-vanishing 2-dimensional Hausdorff measure. A material point in Ω is denoted by x and the time domain under consideration is the interval [0, T ]. For every a, b ∈ R 3 , we let a, b R 3 denote the scalar product on R 3 with associated vector norm a 2 R 3 = a, a R 3 . We denote by R 3×3 the set of real 3 × 3 tensors. The standard Euclidean scalar product on R 3×3 is given by A, B R 3×3 = tr AB T , where B T denotes the transpose tensor of B. Thus, the Frobenius tensor norm is A 2 R 3×3 = A, A R 3×3 . In the following we omit the subscripts R 3 and R 3×3 . The identity tensor on R 3×3 will be denoted by ½, so that tr(A) = A, ½ . The set so(3) := {X ∈ R 3×3 | X T = −X} is the Lie-Algebra of skew-symmetric tensors. We let Sym (3) := {X ∈ R 3×3 | X T = X} denote the vector space of symmetric tensors and sl(3) := {X ∈ R 3×3 | tr (X) = 0} be the Lie-Algebra of traceless tensors. For every X ∈ R 3×3 , we set sym(X) = 1 2 X + X T , skew (X) = 1 2 X − X T and dev(X) = X − 1 3 tr (X) ½ ∈ sl(3) for the symmetric part, the skew-symmetric part and the deviatoric part of X, respectively. Quantities which are constant in space will be denoted with an overbar, e.g., A ∈ so(3) for the function A : R 3 → so(3) which is constant with constant value A.
The body is assumed to undergo infinitesimal deformations. Its behaviour is governed by a set of equations and constitutive relations. Below is a list of variables and parameters used throughout the paper with their significations:
• u is the displacement of the macroscopic material points;
• p is the infinitesimal plastic distortion variable which is a non-symmetric second order tensor, incapable of sustaining volumetric changes; that is, p ∈ sl(3). The tensor p represents the average plastic slip; p is not a state-variable, while the rateṗ is;
• e = ∇u−p is the infinitesimal elastic distortion which is in general a non-symmetric second order tensor and is a state-variable;
• ε p = sym p is the symmetric infinitesimal plastic strain tensor, which is trace free, ε p ∈ sl(3); ε p is not a state-variable; the rateε p is a state-variable;
• ε e = sym ∇u−ε p is the symmetric infinitesimal elastic strain tensor and is a state-variable;
• σ is the Cauchy stress tensor which is a symmetric second order tensor and is a statevariable;
• σ 0 is the initial yield stress for plastic variables p or ε p := sym p and is a state-variable;
• f is the body force;
• Curl p = α is the dislocation density tensor satisfying the so-called Bianchi identities Div α = 0 and is a state-variable;
• γ α is the slip in the α-th slip system in single crystal plasticity while l α is the slip direction and ν α is the normal vector to the slip plane with α = 1, . . . , n slip .
For isotropic media, the fourth order isotropic elasticity tensor C iso : Sym(3) → Sym (3) is given by
for any second-order tensor X, where µ and λ are the Lamé moduli satisfying
and κ > 0 is the bulk modulus. These conditions suffice for pointwise positive definiteness of the elasticity tensor in the sense that there exists a constant m 0 > 0 such that
The space of square integrable functions is L 2 (Ω), while the Sobolev spaces used in this paper are:
For every X ∈ C 1 (Ω, R 3×3 ) with rows X 1 , X 2 , X 3 , we use in this paper the definition of Curl X in [63, 88] :
for which Curl ∇v = 0 for every v ∈ C 2 (Ω, R 3 ). Notice that the definition of Curl X above is such that (Curl X) T a = curl (X T a) for every a ∈ R 3 and this clearly corresponds to the transpose of the Curl of a tensor as defined in [40, 43] .
The following function spaces and norms will also be used later.
We also consider the space
as the completion in the norm in (2.6) of the space X ∈ C ∞ (Ω, R 3×3 ) X × n| Γ D = 0 . Therefore, this space generalizes the tangential Dirichlet boundary condition
to be satisfied by the plastic distortion p. The space
is defined as in (2.6).
The divergence operator Div on second order tensor-valued functions is also defined row-wise as
The kinematics of single crystal plasticity
Single-crystal plasticity is based on the assumption that the plastic deformation happens through crystallograpic shearing which represents the dislocation motion along specific slip systems, each being characterized by a plane with unit normal ν α and slip direction l α on that plane, and slips γ α (α = 1, . . . , n slip ). The flow rule for the plastic distortion p is written at the slip system level by means of the orientation tensor m α defined as
Under these conditions the plastic distortion p takes the form
so that the plastic strain ε p = sym p is
and tr(p) = tr(ε p ) = 0 since by assumption l α ⊥ ν α .
For the slips γ α (α = 1, . . . , n slip ) we set
Therefore, we get from (3.
where m is the third order tensor defined as
We will extensively make use of the identity (3.4).
Let η := (η 1 , . . . , η n slip ) with η α being a hardening variable in the α-th slip system.
The description of the model with isotropic hardening

The balance equation
The conventional macroscopic force balance leads to the equation of equilibrium
in which σ is the infinitesimal symmetric Cauchy stress and f is the body force.
Constitutive equations.
The constitutive equations are obtained from a free energy imbalance together with a flow law that characterizes plastic behaviour. Since the model under study involves plastic spin by which we mean that the plastic distortion p is not symmetric, we consider directly an additive decomposition of the displacement gradient ∇u into elastic and plastic components e and p, so that
with the nonsymmetric plastic distortion p incapable of sustaining volumetric changes; that is,
Here, ε e = sym e = sym(∇u − p) is the infinitesimal elastic strain and ε p = sym p is the plastic strain while sym ∇u = (∇u + ∇u T )/2 is the total strain.
The free-energy
We consider a free energy in the additively separated form
Here, L c ≥ 0 is an energetic length scale which characterizes the contribution of the defect energy density to the system, k 2 a positive nondimensional isotropic hardening constant. The defect energy is conceptually related to geometrically necessary dislocations (GND). It is formed by the long-ranging stress-fields of excess dislocations and may be recovered by appropriate inelastic deformation. The isotropic hardening energy is related to statistically stored dislocations (SSD).
The derivation of the dissipation inequality
The local free-energy imbalance states thaṫ
Now we expand the first term, substitute (5.1) and get
Since the inequality (5.4) must be satisfied for whatever elastic-plastic deformation mechanism, inlcuding purely elastic ones (for whichγ =η = 0), inequality (5.4) implies the usual infinitesimal elastic stress-strain relation
and the local reduced dissipation inequality
that we integrate over Ω and get
In order to obtain a dissipation inequality in the spirit of classical plasticity, we assume that the infinitesimal plastic distortion p (and hence the slips through m γ) satisfies the so-called linearized insulation condition
Under (5.8) we then obtain a global version of the reduced dissipation inequality
That is,
Hence, we get
where we set
(resolved shear stress for the α-th slip system) , (4.16)
(nonlocal backstress for the α-th slip system),
with Σ E being the non-symmetric Eshelby-type stress tensor defined by
The local reduced dissipation inequality can also be written in compact form as The condition (5.8) is satisfied if we assume for instance that the boundary is a perfect conductor. This means that the tangential component of p = m γ vanishes on ∂Ω. In the context of dislocation dynamics these conditions express the requirement that there is no flux of the Burgers vector across a hard boundary. Gurtin [39] and also Gurtin and Needleman [44] introduce the following different types of boundary conditions for the plastic distortioṅ p × n| Γ hard = 0 "micro-hard" (perfect conductor)
Notice that "hard-slip" boundary conditionṗ| Γ hard = 0 makes more sense in the context where the defect energy is formulated in terms of ∇p. In our current situation we specify a sufficient condition for the micro-hard boundary condition, namely
and assume for simplicity that Γ hard = Γ D . Note that this boundary condition constrains the plastic slip in tangential direction only, which is what we expect to happen at the physical boundary Γ hard .
The flow rule
We consider a yield function on the α-th slip system defined by
Here, σ 0 is the initial yield stress of the material, that we assume to be constant on all slip systems and therefore, σ α y := σ 0 − g α represents the current yield stress for the α-th slip system 2 . So the set of admissible generalized stresses for the α-th slip system is defined as 25) with its interior Int(K α ) and its boundary ∂K α being the generalized elastic region and the yield surface for the α-th slip system, respectively.
The principle of maximum dissipation associated with the α-th slip system gives us the normality lawΓ 26) where 27) Notice that N K α = ∂ χ K α , where χ K α denotes the indicator function of the set K α and ∂ χ K α denotes the subdifferential of the function χ K α .
Whenever the yield surface ∂K α is smooth at Σ
with the Karush-Kuhn Tucker conditions: λ α ≥ 0, φ(Σ α p ) ≤ 0 and λ α φ(Σ α p ) = 0 . Using convex analysis (Legendre-transformation) we find thaṫ where χ * K α is the Fenchel-Legendre dual of the function χ K α denoted in this context by D α iso , the one-homogeneous dissipation function for the α-th slip system. That is, for every Γ α = (q α , β α ),
We get from the definition of the subdifferential (Σ α
In the next sections, we present a complete mathematical analysis of the model including both strong and weak formulations as well as a corresponding existence result.
Mathematical analysis of the model 4.3.1. Strong formulation
To summarize, we have obtained the following strong formulation for the model of single crystal infinitesimal gradient plasticity with isotropic hardening. Given f ∈ H 1 (0, T ; L 2 (Ω, R 3 )), the goal is to find:
(iii) the hardening variables η α ∈ H 1 (0, T ; L 2 (Ω)) for α = 1, . . . , n slip , such that the content of Table 1 holds.
Additive split of distortion: ∇u = e + p, εe = sym e, εp = sym p Plastic distortion in slip system:
Equilibrium: Div σ + f = 0 with σ = Cisoεe = Ciso(sym ∇u − εp)
Free energy:
Yield condition in α-th slip system: |τ
Dissipation function in α-th slip system:
Flow rules in primal form:
Flow rules in dual form:
Boundary conditions for γ: 
Weak formulation of the model
Assume that the problem in Section 4.3.1 has a solution (u, γ, η). Let v ∈ H 1 (Ω, R 3 ) with v |Γ D = 0. Multiply the equilibrium equation with v −u and integrate in space by parts and use the symmetry of σ and the elasticity relation to get
(4.33)
Now, for any q = (q 1 , . . . , q n slip ) with q α ∈ C ∞ (Ω) and any β = (β 1 , . . . , β n slip ) with β α ∈ L 2 (Ω), summing (4.32) over α = 1, . . . , n slip and integrating over Ω, we get
where
Now adding up (4.33)-(4.34) we get the following weak formulation of the problem set in Section 4.3.1 in the form of a variational inequality:
(4.36)
Existence result for the weak formulation
To prove the existence result for the weak formulation (4.36), we follow the abstract machinery developed by Han and Reddy in [46] for mathematical problems in geometrically linear classical plasticity and used for instance in [20, 82, 63, 24, 26] where Z is a suitable Hilbert space and W is some closed, convex subset of Z to be constructed later,
for w = (u, γ, η) and z = (v, q, β) in Z.
The Hilbert space Z and the closed convex subset W are constructed in such a way that the functionals a, j and ℓ satisfy the assumptions in the abstract result in [46, Theorem 6.19] . The key issue here is the coercivity of the bilinear form a on the set W, that is, a(z, z) ≥ C z 2 Z for every z ∈ W and for some C > 0. We let 45) and define the norms
Let us show that the bilinear form a is coercive on W.
Since the constant µ k 2 > 0 and hence, it is possible to choose θ such that
we are always able to find some constant C(θ, m 0 , k, L c , Ω) > 0 such that , where
Ψ lin kin (γ) (a quadratic form to be specified later) .
(5.2)
The derivation of the dissipation inequality
Since the inequality (5.4) must be satisfied for whatever elastic-plastic deformation mechanism, inlcuding purely elastic ones (for whichγ = 0), inequality (5.4) implies the usual infinitesimal elastic stress-strain relation
where we set ∂γ α (local backstress for the α-th slip system) , (5.14)
(nonlocal backstress for the α-th slip system)
The flow rule
Here, σ 0 is the initial yield stress of the material, that we assume to be constant on all slip systems. So the set of admissible generalized stresses for the α-th slip system is defined as
with its interior Int(K α ) and its boundary ∂K α being the generalized elastic region and the yield surface for the α-th slip system, respectively.
The principle of maximum dissipation associated with the α-th slip system gives us the normality lawγ 18) where 19) Notice that N K α = ∂ χ K α , where χ K α denotes the indicator function of the set K α and ∂ χ K α denotes the subdifferential of the function χ K α .
and hence |γ α | = λ α with the Karush-Kuhn Tucker conditions: λ α ≥ 0, φ(Σ α p ) ≤ 0 and λ α φ(Σ α p ) = 0 . Using convex analysis (Legendre-transformation) we find thaṫ
flow rule in its dual formulation for the α-th slip system
flow rule in its primal formulation for the α-th slip system
where χ * K α is the Fenchel-Legendre dual of the function χ K α denoted in this context by D α kin , the one-homogeneous dissipation function for the α-th slip system. That is, for every q α ,
We get from the definition of the subdifferential (τ α
Mathematical analysis of the model
Strong formulation
To summarize, we have obtained the following strong formulation for the model of single crystal infinitesimal gradient plasticity with linear kinematic hardening. Given f ∈ H 1 (0, T ; L 2 (Ω, R 3 )), the goal is to find:
(ii) the infinitesimal plastic slips
such that the content of Table 2 holds.
Weak formulation
Assume that the problem in Section 5.2.1 has a solution (u, γ, η). Let v ∈ H 1 (Ω, R 3 ) with v |Γ D = 0. Multiply the equilibrium equation with v −u and integrate in space by parts and use the symmetry of σ and the elasticity relation to get
Now, for any q = (q 1 , . . . , q n slip ) with q α ∈ C ∞ (Ω), summing (5.24) over α = 1, . . . , n slip , then integrating over Ω, in particular integrating by parts the term with Curl Curl using the boundary conditions
Dissipation inequality in α-th slip system: τ α Eγ
Boundary conditions for γ:
Function space for γ: 
Existence result for the weak formulation
As in Section 4.3.3, we write (5.27) as a variational inequality of the second kind: find w = (u, γ) ∈ H 1 (0, T ; Z) such that w(0) = 0 and
where Z is a suitable Hilbert space to be constructed later,
The Hilbert space Z is constructed in such a way that the functionals a, j and ℓ satisfy the assumptions in the abstract result in [46, Theorem 6.19] . The key issue here is the coercivity of the bilinear form a on the space Z, that is, a(z, z) ≥ C z 2 Z for every z ∈ Z and for some C > 0. While the function space for the displacement field is the same as in the polycrystalline setting ( [20, 82, 63, 24, 26, 22] ), that is,
the choice of the space of plastic slips requires some assumptions on the kinematic hardening density.
Remark 5.1 Notice that the usual Prager-type linear kinematic hardening energy density from isotropic polycrystalline plasticity
and the usual H 0 (Curl; Ω, Γ D , sl(3))-space (defined in (2.7)) for the plastic distortion p = m γ and its norm m γ 2
are not appropriate in this context because the set of plastic distortions
is not closed in the H(Curl)-norm. This means that, given a sequence (p n ) n which converges to some p in the norm · H(Curl;Ω) with p n = α γ α n m α there is no reason why p = α γ α m α for some γ. Also, (5.33) does not define a norm in the slips γ α , α = 1, . . . , n slip .
The natural condition on the kinematic hardening enegry density for the mathematical wellposedness of the model is Ψ kin to be quadratic and positive definite in γ. This condition implies that Ψ
and therefore the choice of the space of slips will be
equipped with the norm
We set 
(Young's inequality for 0 < θ < 1)
Since the constant k > 0 and hence, it is possible to choose θ such that m 0 m 0 + k < θ < 1, we are always able to find some constant C(θ, m 0 , k, L c , Ω) > 0 such that a(z, z) ≥ C v V 2 + q 
with an undetermined sign
However, if we rather assume that the slip systems {l α , ν α } 3 α=1 are mutually orthogonal, which implies that the slip planes are mutually orthogonal and that l α ⊥ ν β , then in that case the expression with an undetermined sign in (5. where H is a positive definite matrix in R n slip ×n slip .
Open problems
In the paper [25] , we have treated a formal micromorphic penalty regularization of the models presented here. These models are considerably simpler. It would be interesting to make the limit passage rigorous, with attending convergence estimates. Since the ultimimate goal is the passage from single to polycrystalline samples, we face the following problem already alluded to in the introduction: any standard single crystal formulation (also for strain gradient plasticity) imparts a strict control on the level of the glide systems, while the polycrystalline setting must allow for some freedom w.r.t. infinitesimal plastic rotations, while not suppressing them. In order to reconcile these two aspects in certain respects, it is tempting to use a linear kinematic hardening contribution 1 2 µ k 1 sym(m γ) 2 , (6.1)
in the single crystal case. As we saw in Remark 5.2, this does not yet fit into our presented mathematical framework. However, our belief is that the variant (6.1) should work as well. This seems to need an entirely new approach, perhaps based on the new Korn's inequalities for incompatible tensor fields established in [66, 67, 68, 69] .
